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Abstract 



Jh ' We define the concept of a doset Hibi ring and a generalized doset 

Hibi ring which are subrings of a Hibi ring and are normal afhne semi- 
grouprings. We apply the theory of (generalized) doset Hibi rings 
CN ' to analyze the rings of absolute orthogonal invariants and special or- 

thogonal invariants and show that these rings are normal and Cohen- 
Macaulay and has rational singularities if the characteristic of the base 
field is zero and is F-rational otherwise. We also state a criterion of 
■ Gorenstein property of these rings. 

^ . Keywords:Hibi ring, sagbi, Doset, ring of invariants, Schubert subva- 

! riety 

^ 1 Introduction 

CN , Grassmannians and their Schubert subvarieties are fascinating objects and 

^ I attract many mathematicians. Let Gm,n be the Grassmannian consisting of 

all m-dimensional vector subspaces of an ra-dimensional vector space V over 
a field K. Then the homogeneous coordinate ring of Gm,n is -R'[r(X)], where 
^ . X = (Xij) is the m X n matrix of indeterminates and T{X) is the set of 

O ! maximal minors of X. 

For a Schubert subvariety of Gm,n, there correspond integers bi, . . . , bm 
k> ; with 1 < bi < ■ ■ ■ < bm < n and the universal m x n matrix Z with entries 

^ ■ in a if-algebra S with the condition 



/,(Z<,,_i) = (0) forz = l 



where Z<b^-i stands for the m x {bi — 1) matrix consisting of the first bi — 1 
columns of Z and Jj(Z<f,^_i) stands for the ideal of S generated by the i- 
minors of Z<f,-^i. And the homogeneous coordinate ring of the Schubert 
subvariety of Gm,n is -ft'[r(Z)], where T{Z) is the set of maximal minors of 
Z. 

On the other hand, because of the universal property of Z, any subgroup 
of GL(m, i^') acts on K[Z]. In this paper, we study the rings of absolute 
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0(m) and SO(m)-invariants (see Definition I3.1I) . denoted as ^ and 

K[ZfO(m,-) respectively, oi K[Z]. 

We now state the contents of this paper. We first estabhsh notation, 
recall known facts and state basic facts in section [2] in order to simplify the 
proofs and clarify the structure of the theory of the main part of this paper, 
sections El HI and O 

In section [31 we show that the ring of absolute 0(m) and SO(m)- 
invariants are precisely the expected ones, that is, = KlZ"^ Z] 

and /rfZl^oK-) = K[Z'^ Z,V{Z)]. See p!)] for notation. 

In section HI we introduce the concept of doset Hibi rings and their gen- 
eralization. They are subrings of a Hibi ring and are normal affine semi- 
grouprings, therefore are Cohen- Macaulay. We apply the theory of doset 
Hibi rings and generalized doset Hibi rings to investigate the property of 
j^j-^-joCm,-) 1^^^ j^|-2-jSO(m,-) j^ggp/) \yy showing it is isomorphic to a subring 

of a polynomial ring over K, whose initial algebra is a doset Hibi ring (or a 
generalized doset Hibi ring resp.) in an appropriate monomial order. In par- 
ticular, K[Z]^^'^~'> (or resp.) is a normal Cohen-Macaulay ring 
and has rational singularities if chari^ = and is F-rational if ohaxK > 0. 

Finally in section [5l we state a criterion of Gorenstein property of a doset 
Hibi ring and a generalized doset Hibi ring. As an application, we state a 
criterion of Gorenstein preperty of K[Z]'^^^'~^ (or K[Z]^'^^''^~^ resp.), see 
Theorems 15.61 and 15.71 We note that the criterion of Gorenstein property 
of K[Z]'~'^'^~^ is already obtained by Conca jConj . Therefore, Theorem 15.61 
recovers the result of Conca. 



2 Preliminaries 

In this section, we establish notation, recall known results and show some 
basic facts in order to prepare the main part of this paper, sections El H] and 

El 

2.1 Normal affine semigrouprings 

(2.1) In this paper, all rings and algebras are commutative with identity 
element. 

We denote by N the set of non-negative integers, by Z the set of integers, 
by R the set of real numbers and by -R>o the set of non-negative real numbers. 

Let K he a field and Xi, . . . , Xj. indeterminates, S a finitely generated 
additive submonoid of A/'''. We set K[S] := K[X^ \ s e S] where = 
Xf • • ■ X^^- for s = (si, . . . , Sr). Then 
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Theorem 2.1 ( fHoc] ) (1) K[S] is normal if and only if S = ZSr\R>oS. 

(2) If K[S] is normal, then it is Cohen-Macaulay. 

If 5 = ZS n R^qS, then by Farkas' theorem and the fundamental theorem 
of abehan groups, S is isomorphic to a toroidal monoid in the terminology 
of Stanley [Stai p. 81]. So by [Stal p. 82], we have the foUwoing 

Theorem 2.2 If K[S] is normal, then the canonical module of K[S] is 

serclintfi>o5n5 

Stanley also stated, in the same article, a criterion of Gorenstein property 
for graded Cohen-Macaulay domains. 

Theorem 2.3 (|jSta', 4.4 Theorem]) Let A be an N -graded Cohen- 
Macaulay domain with Aq = K. Suppose dim A = d. Then A is Gorenstein 
if and only if there is p e Z such that Hilb(v4, 1/A) = (-l)'^A^Hilb(A, A), 
where Hilb stands for the Hilbert series. 

As a corollary, we have 

Corollary 2.4 Let A and B he N-graded Cohen-Macaulay domains with 
Aq = Bq = K. Suppose Hilb(y4, A) = Hilb(i?,A). Then A is Corenstein 
if and only if B is Corenstein. In particular, if A is a graded subring of 
a polynomial ring with monomial order and the initial algebra in A of A is 
finitely generated over K and Cohen-Macaulay, then A is Corenstein if and 
only if in A is Corenstein. 

Note, by the flat deformation argument, we see that if A is an AT-graded 
subalgebra of a polynomial ring with monomial order and in A is Cohen- 
Macaulay, then A is Cohen-Macaulay. 

2.2 Posets and lattices 

(2.2) Let P be a finite partially ordered set (poset for short). 

The length of a chain (totally ordered subset) X of P is jj^X — 1, where 
#X is the cardinality of X. 

The rank of P, denoted by rankP, is the maximum of the lengths of 
chains in P. 

A poset is said to be pure if its all maximal chains have the same length. 
A poset ideal of P is a subset J of P such that a; G /, ?/ G P and y < x 
imply y & I. 
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For X, y ^ P, y covers x, denoted by x <■ y, means x < y and there is no 
z & P such that x < z < y. 

For X, y & P with x < y, we set [x, y]p :— {z & P \ x < z < y}. 

A map u: P ^ N is order reversing if a; < y in P imphes I'ix) > ^{y) 
and strictly order reversing if x < y in P imphes u^x) > v{y). 

The set of aU order reversing maps from P to iV is denoted by T[P). 
The set of aU strictly order reversing maps from P to AT" \ {0} is denoted by 

r(p). 

For a family of indeterminates {Tx\xeP indexed by P and a map i/ : P — > 
AT, we set flc^eP r^'^"^- 

(2.3) Let i7 be a finite distributive lattice. A join-irreducible element in 
H is an element a & H such that a can not be expressed as a join of two 
elements different from a. That is, a = /? V 7 =^ a = /? or a = 7. Note that 
we treat the unique minimal element of if as a join-irreducible element. 

Let P be the set of all join-irreducible elements in H. Then it is known 
that H is isomorphic to J{P) \ {0} ordered by inclusion, where J{P) is the 
set of all poset ideals of P. The isomorphisms ^ H ^ J{P) \ {0} ^'^^ 
: J(P) \ {0} ^ if are given by 

:— {x & P \ x < ain H} for a e if and 
*(i):=\/x for i e J(P) \ {0}. 

xei 

(2.4) Let L be another distributive lattice, Q the set of join-irreducible 
elements in L and </? : H ^ L a surjective lattice homomorphism. We set 

^*{P):= /\ a. 

Then 

Lemma 2.5 (1) (p*{(p{a)) < a for any a e H. 

(2) ip{ip*{/3)) = (3 for any(3eL. 

(3) Pl<P2^V*{Pl)<V*{P2). 

(4) ForaeH and f3 e L, ip{a) > (3 <^ a > ip*{(3). 

(5) ip*{P,vP2)=V*{Pi)Vip*{P2). 

(6) yeQ^ip*{y)eP. 
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(1) If Ho is the unique minimal element of L, then ^p*{yo) is the unique 
minimal element of H . 



Proof (1) Since a E ip ^{{p{a)), we see that 



(2) : Since (p is a lattice homomorphism, it holds 



Q:e</3-i(/3) Qev5-i(/3) 



(3): Take ao E ip ^{Pi)- Then for any a E ip ^{l32), '^{c^o A a) = (p{ao) A 
(p{a) = P1AP2 = Pi- Therefore, aoAa G '-p'^iPi) so ip*{Pi) = Aa'^^-HM^' - 
ao A a < a. Since a is an arbitrary element of (y9~^(/?2), we see that 



[(4)1 If !f{a) > (3, then a > (f*{f{a)) > if* {(3) by p)] and p)| On the other 



hand, if a > ip*{(3), then ip{a) > ^(<^*(/9)) = /? by[(2) 
[(5)1 First we see, by [(3)[ that 



<^*(/3V7) ><^*(/5) V<^*(7). 



On the other hand, ¥?(<^*(/9) V y?*(7)) = V </?(¥?*(7)) = /3 V7 by[(2) 

Therefore 'p*{P) V V5*(7) e (p~^{P V 7), and we see that 

y,*(/?V7)= A «<¥'*(/?)V¥^*(7)- 

«Gi/2-l(/9V7) 



(6): If V3*(l/) = a V a', then ip{a) V </)(«') = ip{a V a') = V5(v5*(l/)) = V- So 



?/ = (p{a) 01 y = ^{a'), since ?/ is join-irreducible. By symmetry, we may 



assume that y = (p{a). Then (p*{y) = (p*{ip{a)) < a by (1) On the other 
hand, (p*{y) = a V a' > a. Therefoer ip*{y) = a. 



(7): Clear. 



Remark 2.6 (p*{l3i) A(p*{P2) ^ Aip*{(32) in general. For example, let 
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and set (p{ai) = /3j for z = 1, 2, 3, 4 and (p{—oo) = jSi. Then (p*{l3i) = for 
z = 2, 3 and (p*{l3i) = -oo. Therefore, v5*(/32 A jS^) = if*{l3i) = -oo 7^ ai = 



By (2) and (3) of Lemma 12. 5[ we may regard L as a subposet (not a 



sublattice) of H by (p*. Then, by (6) of Lemma 12.51 Q is identified as a 
subset of P. Note that Q contains the unique minimal element of H under 



this identification by (7) of Lemma 



Lemma 2.7 By the identification above, the composition map J{P) \ {0} 
H ^ L J{Q) \ {0} is identical to the map I h-^ I f] Q. 



Proof Recall that lattice isomorphisms H ~ J{P) \ {0} and L ~ J{Q) \ {0} 
are obtained by ^h- H ^ J{P) \ {0}, (a ^-> {x G P | x < a}) and L 
J{Q) \ {0}, {(3 ^ {y & Q \ y < 13}). Let a be an arbitrary element of 
H. Then $j^((/?(q;)) = {y E Q \ y < '^{0)}- Since y < f^^a) if and only 
if ^*{y) < tt by (4) of Lemma |2.5[ we see that by the embedding of L in 
H by is identified to {y & Q \ y < a} which is equal to 

{x & P \ x <a}r}Q = n Q. ■ 



2.3 Determinantal rings 

(2.5) Let m, n be integers with < m < n and K a field. For an m x n 
matrix M with entries m a. K algebra 5*, we denote by the transposed 
matrix of M, by It{M) the ideal of S generated by the t-minors of M, by 
M-* the ixn matrix consisting of first i-rows of M, by M<j the mxj matrix 
consisting of first j-columns of M, by r(M) the set of maximal minors of M 
and by if[M] the i^-subalgebra of S generated by the entries of M. 

We define posets r(m x n) and T'{m x n) by r(m x n) := {[ci, . . . , Cm] \ 
I < Ci < ■ ■ ■ < Cm <: n} and T'{m x n) := {[ci, . . . , Cr] \ r < m, 1 < Ci < 
■ ■ ■ < Cr < n}. The order of r'(m x n) is defined by 

[ci, . . . ,Cr] < [rfi, ... ,4] 

dcf 

<^=^ ^ > s, Q < (ij for 2 = 1, 2, . . . , s, 

and the order of r(m x n) is defined by that of r'(m x n). Note that 
r'(m X n) is a distributive lattice and r{m x n) is a sublattice of r'(m x ra). 
For [ci,...,Cr] G r'(m x n), we define its size to be r and denote it by 
size[ci, . . . ,Cr]. 
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We also define the poset A(m x n) by A(m x n) := | G 

V'{m X n),sizea = size/3} and define the order of A(m x n) by 

W] < WW] 

<^=^ a < a' in T'{m x m) and (3 < (3' ui T'{m x n). 

Note also that A(m x n) is a distributive lattice. 

For 7 G r(m x n), we set T{m x ra; 7) := {5 G r(m x n) | 5 > 7}. 
r'(m X n; 7) and A(m x n; 5) are defined similarly. 

For an m X n matrix M = {rriij) and S = [a\P] = [ci, . . . , Cr\di, . . . ,dr] G 
A{m X n), we denote the minor det (mc-d^) by 6m or We also 

denote the maximal minor det(mjcj of M by 6m or [ci, . . . , c^jM, where 
6 = [ci, . . . ,cj G r(m X n). 

We use standard terminology on Hodge algebras. Standard references on 
the notion of Hodge algebra are jDEP2j and jBHi. Chapter 7]. However, we 
use the term "algebra with straightening law" (ASL for short) to mean an 
ordinal Hodge algebra in the terminology of |DEP2j . 

Let X = (Xij) be an m X n matrix of indeterminates, i.e., entries Xij are 
independent indeterminates. Then the following facts are known. 

Theorem 2.8 ( IDEPlQ (1) K[T{X)] is an ASL over K generated by 
r(m X n) with structure map 6 ^ 6x- 

(2) K[X] is an ASL over K generated by A(m x n) with structure map 
[a\/3] ^ [a\(3]x. 

(2.6) Now let V be an n-dimensional if-vector space. Then the set of m- 
dimensional subspaces of V has a structure of an algebraic variety, called 
the Grassmann variety. We denote this variety by GmiV). It is known that 
if X = (Xij) is the m x n matrix of indeterminates, then fC[r(X)] is the 
homogeneous coordinate ring of GmiV). 

Now fix a complete fiag = Vq C. Vi C. ■ ■ ■ C Vn = V of subspaces of V. 

Definition 2.9 For [ai, . . . , a^] G r(m x n), we define fl{ai, . . . , a^) := 
{W G Gm{V) I dim{W n > i for i = 1, 2, . . . , m}. 

It is known that Q{ai, . . . , a^) is subvariety of GmiV) and called the Schubert 
subvariety of Gm{V). 

Set hi := n — flm-i+i + 1 for i = 1, . . . , m and 7 := [61, 62, • • • , ^ 
r(m X n). It is known that there is the universal m x n matrix with 
/i((Z^)<6^_i) = (0) for i = 1, . . . , m. That is, 

(1) /i((Z^)<b^_i) = (0) for i = 1, . . . , m and 
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(2) if Jj(M<fe._i) = (0) for i = 1, . . . , m for a matrix with entries in some k- 
algebra S, then there is a unique /c-algebra homomorphism k[Zy] — > S 
which maps to M. 

And it is also known that fC[r(Z^)] is the homogeneous coordinate ring of 
Q{ai, . . .,am). 

From now on, until the end of this paper, we fix 7 = 62, • • • , G 
r(m X n). Set 7* = [1, . . . , m\bi, ...,6m] and R = K[X]/{A{m xn)\ A(m x 
n]'j*))K[X]. Then it is easy to see that the image of X in satisfies the 
universal property above. 

(2.7) Set 

/ Wu W12 ■■■ Wi^ \ 

W21 W22 ••• W2m 



W :-- 



\ Wml Wm2 



J 



and 





( 


•• 


• 






Ulb2 ■ ■ 






\ 






•• 


• 


• 





U2b2 ■ ■ 


• ••• U2b^ ■ 


U2n 






\ 


•• 


• 


• 





•• 


■ Umb^ ■ 







where Wij and Uij are independent indeterminates. Then 

Theorem 2.10 ( [Miy| ) The natural map K[X]/[A[m x n) \ A(m x 
n;Y))K[X] ^ K[WU^] induced by K[X] K[WU^], (X ^ WU^) is an 
isomorphism. In particular, WU^ has the universal property above. 

So we set := WU^ in the following. 

Here we state a result on the initial algebra of i^fVTt/-^] in K[W, U^] along 
the same line as [BRWt section 3] (see also [BCJ ). As a by-product, we obtain 
another proof of Theorem I2.10[ 

First we introduce a diagonal monomial order (i.e. a monomial order such 
that leading monomial of any minor of W or is the product of the entries 



of its main diagonal) on K[W, Uy] with 



> Wij', Uij 



> u, 



1 J 



and Uij > Uij 



for any possible i, i', j and j' with i < i' and j < j'. For 
example degree lexicographic order on the polynomial ring K[W, U^] defined 

by Wn>W2l>---> W^l > 1^12 > ■ ■ ■ > Wmm > Uib^ > f/ibi+i > • ■ ■ > 

Uln > U2b2 > ■ ■ ■ > Umn- Then we obtain the following 
Lemma 2.11 (1) For [ci, . . . , Cr\di, . . . , rf^] G A(m x n; 7*), 



lm([ci, . . .,Cr\di, ...,d. 



r WU-y 



U^c,,U 
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(2) If fi = YYi=i[cii, ■ ■ ■ ,Cir(i)\dii, . . . ,dir(i)] is a standard monomial on 
A{m X n; 7*), then 

u r{i) 

i=i j=i 

where fiwUj '■= Ili=i[cii, ■ ■ ■ , Cjr(i)Mji, • • • , dir(i)]wu^- 

(3) If fi and ^' are standard monomials on A(m x n;7*) with n 7^ yu', 
then lm(/ivy(7^) 7^ lm(/i'^^^). In particular, {i^wu^ \ n is a standard 
monomial on A(m x n;7*)} is linearly independent over K. 

(4) The natural map K[X]/{A{m x n) \ A(m x n;'j*))K[X] K[WU^] 
induced by K[X] K[WU.y], (X WU^) is an isomorphism. 

(5) For any a G K[WU.y], there is unique standard monomial fi on A{m x 
n;7*) such that lm(a) = \m{fiwu-y)- 

Proof (1) is proved by the same way as the proof of |BRWl Lemma 3.1] or 
by using the following equation on determinants. 

[Ci, . . . , Cr\di, . . . , dr]wUj 

= ^ [Ci,...,Cr\jl,...Jr]w[jl,---,jr\dl,...,dr]u^. 

l<ji<--<jr<m 

The rest is proved by the same way as |BRWi Section 3] or by using the ASL 
structure of K[X]/{A{m xn)\ A{m x n;Y))K[X]. I 

As a corollary, we see the following 

Proposition 2.12 = WU^ has the universal property and {[<y\(3]z.y \ 
[a\l3] G A(m x n]'y*)} is a sagbi basis of K[Z^]. 

(2.8) We set Dm,n '■= | a, /3 G T'{m x n), sizea = size/?} and 

:= Dm-i,n U r(m X n). We define the order on Dm,n by lexcographic 
way, that is, 

(a, (3) < {a', (3') 4^ a < a' 01 a = a' , (3 < (3'. 

We also define the order on -D^„ by extending the orders of Dm~i,n and 
r(m X n) and set 

5 < {a, (3) 5 < a in T'{m x n) 

for 5 G r(m X n) and (a,/?) G Dm-i,n- Then 
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Theorem 2.13 ( fPPl Section 5]) (1) KlX'^X] is a Hodge algebra over 



K generated by Dm,n with structure map t— > where the 

ideal of monomials on Dm,n defining this Hodge algebra structure is 
generated by 

{{a,(3){a',/3') \ /3 ^ a' and /3' ^ a}. 

(2) K[X'^X,r{X)] is a Hodge algebra over K generated by D'^^^ with struc- 
ture map 6 6x for 6 G r(m x n) and (a,/?) ^ [(^\P]xtx for 
G Dfn-i,n, where the ideal of monomials on D'^^ defining this 
Hodge algebra structure is generated by 

{(a, /?)(«', I («, /?), (a', 13') G Z^„_i,,, 13 t a' and {3' ^ a} 
U {5{a,(3) I 5 G r(m x n), {a, (3) G -Dm-i,n o-nd 5 ^ a in T'{m x n)} 
U {55' \5,5' eT{mxn),5 ^ 5'}. 

In fact, DeConcini-Procesi |DPt Lemmas 5.2, 5.3 and 5.4] essentially proved 
the following fact also. 

Theorem 2.14 Let T = (Tij) be the n x n symmetric matrix of indeter- 
minates, i.e., {Tij}i<i<j<n are independent indeterminates and Tji = T^j for 
j > i. Then K[T] is a Hodge algebra over K generated by Dn,n with structure 
map {a, (3) y-^ [a\(3]T. 

For a standard monomial v = 111=1 (i*^*!' • • • ' Cjr(i)]5 [da, ■ ■ ■ , 'ijr(i)]) on 
Dm,n, we set ux := JY^^-^lcn, . . . , Cir{i)\dii, . . . , dir(i)]xTx and for a stan- 
dard monomial z/' = [11=1 [^ii, • • • , eim] HLiltcii^ • • • , QrCi)]' [dn, c?ir(i)]) on 

^m,n) we set U'x := HLlhl' • • • ' (^im]x nr=l[Cil, • • .,Cir{ i)\dii, dir[i)]xTx- 

By the same argument as the proof of Lemma 12. 11^ we see the following 
results. 

Lemma 2.15 (1) For [ci, . . . , Cr\di, . . . ,dr] G A(m x m), we have 

r 

lm([ci, . . . , Cr\di, dr]wTw) = Y\. ^jcjWjdj. 

i=i 

(2) If u = nr=i(['^ii' • • • ' Cjr'(i)], [dil, . . . , dir(i)]) is a standard monomial on 
F^rn^m) then 

V r(i) 

i=l j=l 
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(3) If v and u' are standard monomials on D^^^ with v ^ v' , then 
lm(i/ty) 7^ particular, {vw \ v is a standard monomial 
on Dm,m\ is linearly independent over K. 

(4) Let T' = (Tij) be the mxm symmetric matrix of indeterminates. Then 
the K -algebra homomorphism K[T'] K[W^W], (T' ^ W^W) is an 
isomorphism. 

( 5) For any a G there is a unique standard monomial v on D^^^ 
such that lm(a) = Imli/w)- In particular, {[a\pi\wTy^ \ {oi,P) e Dm,m} 
is a sagbi basis of K[W^W]. 

Lemma 2.16 (1) //i/ = [1, . . . , m]"' HLilI^^i' • • • ' '^iK^)]' f^^i' • • • ' ^iriz)]) is 
a standard monomial on D'^^^, then 

m v" r(i) 

lm(z.^) = (H W,,Y n n ^^c.W,a,r 

j=l i=l j=l 

(2) If V and u' are standard monomials on D'^.^ with v ^ u' , then 
lm(z/vK) 7^ lm(z/(^). In particular, {uw \ i/ is a standard monomial 
on D'm^rn} i^ UncaHy independent over K. 

(3) For any a G K[W'^W, Act W], there is a unique standard monomial 
V on -D^,m ■^^c^ ^^^^ lm(a) = lm(z/vi/)- In particular, {det W^} U 
{[q;|/3]vktvk I (q^)/^) £ -Dm-i,m} is a sagbi basis of K[W^W,detW]. 

Finally in this section we make the following remark. Let T be the nx n 
symmetric matrix of indeterminates. Set 

R = K[T]/{{a,ff) G I a ^ -f}K[T], 

where 7 = [61, ... , 6^] E T{m x n) is the fixed clement. Then R is a Hodge 
algebra over K generated by := {{a,j3) G -D„,„ | a > 7}, since -D„,n \ D'y 
is a poset ideal of -D„,„. Let be the image of T in R. Then has the 
following universal property, where we set bm+i := n + 1. 

(1) /i((T^)<6,_i) = (0) for i = 1, . . . , m + 1 and 

(2) if M is an n X n symmetric matrix with entries in some i^-algebra 5" 
such that /.j(Af<5._i) = (0) for i = 1, . . . , m + 1, then there is a unique 
i^-algebra homomorphism i^[T^] — > S which maps to M. 
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By the same argument as the proof of Lemma 12.11^ we see the following 
result, cf. [BKWl Remark 3.10]. 

Lemma 2.17 (1) For ([ci, . . . , c,.], [di, . . . , dr]) E D^, 

r 

lm([ci, . . . , c^lrfi, . . . , dr]zTz^) = n ^jjUj^^Ujdy 

i=i 

(2) If u = Y[\=ii['^iiy • • • ' Cjr'(i)], [dil, . . . , dir(t)]) is tt Standard monomial on 
D^, then 

I r-(j) 

1=1 j=l 

(3) If V and v' are standard monomials on Dj with v ^ v' , then lm(z/^^) 7^ 
lm(i/^^). In particular, {uz^ \ u is a standard monomial on D^} is 
linearly independent over K . 

(4) The natural map K[T]/ {Dn^n \ D^/)K[T] K[Z'^Z^] induced by 
K[T] K[Z'^Z-y\, (T ^ Z'^Z-^) is an isomorphism. 

(5) Z'^Z^ is the universal n x n symmetric matrix with /j((M)<fe._i) = (0) 
for i = I, . . . , m + 1 and {[a\P]zTz \ {ct, P) E D^} is a sagbi basis of 
K[Z^Z,]. 

3 Rings of invariants and sagbi bases 

Recall that we have fixed integers m, n with < m < n and 7 = 
[61,62, • • • ,6m] e r(m X n). 

For any g G GL(m, K), Ii{{gZ^)<bi-i) = (0) for z = 1, . . . , m. So, by the 
universal property of Z^, there is a K-automorphism of K[Z^] sending Z^ to 
gZ^, i.e., any subgroup of GL{m,K) acts on K[Z^]. 

Definition 3.1 ( fPPl Section 2]) / G K[Z^] is called an absolute 0(m)- 
invariant if / is an 0(m, i?)-invariant in B[Z^] for any K-algehia. B. The 
set of absolute 0(m) invariants is denoted by i^[Z^]°*^™'~). Absolute SO(m) 
invariants and K[Z^]^'^^^''^ are difined similarly. 

First we recall the following results. 

Theorem 3.2 ( |DPL Section 5]) Let X an m x n matirx of indetermi- 
nates. Then 
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(1) ir[X]OK-) = K[X^X]. 

(2) ir[X]SOK-) = K[X^XJ{X)]. 

By considering the case where m = n, we see the following 

Corollary 3.3 (1) KlWf^""'-^ = K[W^W]. 

(2) ir[Vr]SOK-) = K[W^W,<leiW]. 

Here we note the following basic fact. 

Lemma 3.4 Let K[Xi, . . . , X„i, Yi, . . . , Yn] be a polynominal ring over K 
with monomial order and A a K-suhalgehra of K[Xi, . . . , Xm\- If S is a 
sagbi basis of A in K[Xi, . . . , Xm], then S U {Yi, . . . , Yn} is a sagbi basis 
ofA[Yi, ...,Yn]tn K[Xr, . . . , X^, Y^, . . . , Y^]. 

Now we state the following 

Theorem 3.5 (1) {[a\(3\zTz^ \ a, (3 G T'{mx n;7), a< (3, sizea = size/3} 
IS a sagbi basis of K[W^W,U^] n K[Z^]. In particular, K[Z^f'-'"'-') = 
K[W^W, u^] n K[Z^] = K[Z^Z.]. 

(2) {[a\P]zTz^ \ a,l3 E T'{mxn;'y), a < P, sizea = size/3 < m}U{6z^ \ S G 
r(m X n; 7)} is a sagbi basis of K[W^W, det W, U^] fl K[Z^] . In partic- 
ular, is:[Z^]SO('^.-) = K[W^W, det W, U^] n K[Z^] = K[Z^Z^, T{Z^)]. 

Proof (1) It is clear that K[W^W,U^] n K[Z^] D K[Z^Z^]. So [a\(3]zTz^ E 
K[W'^W, U^] n K[Z^] for any a, P e T'{m x n; 7) with sizea = size/3. Let 
a be an arbitrary element of K[W'^W,U^] (1 K[Z^]. Then by Lemma [2.111 
we see that there is unique standard monomial /i on A(m x n; 7*) such that 
lm(a) = lm{fiz^)- 

Set /i = nr=i["ilA], "1 < ■ ■ ■ < /3i < ■ ■ • < /3«, and a, = 
[cii, Cir(i)], Pi = [dii, dir(i)] for z = 1, . . . , M. Then 

u r{i) 

lm(a) = lm(/xz,) = 1111 ^^.^^..^r (3-1) 
i=i j=i 

On the other hand, we see, by Lemmas 12.151 and 13.41 that 

/ V s{i) \ 

lm(a) = n n ^i^. ^i'^:, ^ monomial of U'.s) (3.2) 
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for some c[j and d-^, since a G K[W'^W, U-y]. 

By comparing fl3.1l) and fl3.2p . we see that Cij = j, c-^- = j, and d[j = j 
for any possible i, j, u is even and r{2i — 1) = r(2i) for z = 1, . . . , u/2. 
So if we set a- = [^2^-1,1, • • • , c?2i-i,r{2i)] and /?■ = [c?2i,i, • • • , d2i,r{2i)], then a^, 
G r'(m X n; 7) for z = 1, . . . , u/2, 11^=1 ("^i' AO ^ standard monomial on 
Dm,n and 

u/2 

lm(G)=nM[«:iA']z,-zJ- 
j=i 

The former part of (1) follows. Since the action of 0(m) on K[Zy] is induced 
by the action of 0(m) on we see the latter part of (1). 

(2) Let a be an arbitrary element of K[W^W,detW,U^] n K[Zy]. By 
the same argument as in the proof of (1), we see that there is a standard 
monomail fi on A(m x n^j*) such that lm(a) = lm(/i^^). Set, as before, 

= nr=i["il/5»]' c^i < ■ ■ ■ < ^u, Pi < ■ ■ ■ < Pu, and = [ cg, . ■ 
/3j = [(iii, . . . , dir(i)] for i = 1, . . . , u. Then by using Lemma 12.161 and the 
same argument as in the proof of (1), we see that qj = j for any i, j and 
there is w & N such that w < u, r{i) = m <^==^ i < u — w is even 
and r{2i — \ + w) = r{2i + w) for i = 1, . . . , (m — w)/2. So if we set 

Ol'l = {d2i-l+w,l-, • • • , d2i-l+w,r{2i+w)\ and (3'1 = [d2i+w,l, • • • ; d2i+w^r{2i+w)] ^OY 

i = I, . . . , {u — w)/2 and 5i = [da, . . . , dim] for i = 1, . . . , w, then 

u r'(i) ui (?t-ui)/2 

lm(a) = n n ^^-^f^^-^^. = n n lm([ari AHz^-zJ. 

i=l j=l 1=1 1=1 

The rest is proved as (1). I 

4 Doset Hibi rings and generalization 

Let if be a finite distributive lattice, P the set of join-irreducible elements, 
{Tj:}xfzp a family of indeterminates indexed by P. Recall that T{P) is the 
set of order reversing maps form P to N and T(P) is the set of strictly 
order reversing maps form P to N\ {0}. Recall also = Ux^p^x^^^ for 
u e T{P). 

Hibi [Hibj defined the ring TZk{H), called the Hibi ring nowadays, as 
follows. 

Definition 4.1 7^A-(^^) := K[Yl,^^T, \ a e H]. 
Hibi |Hib] showed the following theorems. 
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Theorem 4.2 TZk{H) is an ASL over K generated by H with structure map 
a nx<a-^i^^- '^^^ straightening law of TZk{H) is a[3 = (a A [3){a V [3) for 
a, (3 E H with a ^ [3. 

Theorem 4.3 TZk{H) is a free K -module with basis {T" \ v G T(P)}. In 
•particular, by Theorem \2.1l TZk{H) is a normal affine semigroupring and 
hence Cohen- Macaulay. 

By analyzing the relations of the leading monomials of the elements of 
A(m X 'n.;7*), embeded by the structure map of the ASL K[Zr^] by Lemma 
12.111 we see the following 

Proposition 4.4 in K[Z^] is the Hibi ring over K generated by A{mxn; 7*). 
In particular, it is normal and therefore, by jCHVl Corollary 2.3], K[Z^] is 
normal and Cohen- Macaulay and has rational singularities ifchaiK = and 
is F-rational if char K > 0. 

Let us recall the definition of dosets |DEP2l Section 18]. 

Definition 4.5 A subset D oi H x H is a doset of H if 

{!) {{a,a) \ a e H} C D C {{a,p) E H X H \ a < p} and 

(2) for a, (3 and 7 G if with a < /3 < 7, 

{a,^)eD ^ {a,p)eD,iP,^)eD. 

Now let L be another distributive lattice Q the set of join-irreducible elements 
of L and (p: H La surjective lattice homomorphism. We set D := 
{{a,P) EHxH\a<P, V^(a) = Then it is easily verified that D is 

a doset of H. 

We define the doset Hibi ring as follows. 

Definition 4.6 The doset Hibi ring over K defined by denoted by Vxi'p) 
is the i^-subalgebra of 1Zk{H) generated by {a(3 \ G D}. 

Note that if (a',/?') G D, then 

{af3){a'(3') 

= (a A a')(«V A V/?') (4.1) 

= (a A a')l{a V a') A {p A V a') V (/3 A P')){p V p') 

and 

ip{{a y a') A {P A p')) = A a') 

^((aVa')V(/3A/5')) = ^{PVP'). 
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Therefore (a A a', (a V a') A (/5 A f3')), ((a V a') V (/3 A /?'), V /?') G D. 
In particular, by applying the straightening law repeatedly, we see that 

{aia2 ■ ■ ■ Cl2r-lCi2r | < ^2 < " " " < a2r, (a2j-l, Ci2i) G -D for 2 = 1, . . . , r} 

is a i^-free basis of the doset Hibi ring. 

Example 4.7 (1) If L is a set with only one element and ip: H ^ Lis the 
unique map, then Vk{^p) is the second Veronese subring of 71k{H). 

(2) If L = H and ip is the identity map, then Vk{^p) = K[a^ \ a G H], 
which is isomorphic to TZk{H). 

Regarding 1Zk{H) as a subring of K\Tx | x G P], a standard monomial 
aia2 ■ ■ ■ Ois with ai < a2 < ■ ■ ■ < a.^ corresponds to T" , where z/(x) = | 
X < Oj}. On the other hand, by the identification L ~ J{Q) \ {0} and 
Q C P, corresponds to {y & Q \ y < a in H} by Lemma 12. 7[ So a 

standard monomial aia2 ■ ■ ■ ot2r on H with ai < a2 < ■ ■ ■ < ot2r satisfies 
(a2i-i,Q!2i) G -D for i = 1, . . . , r if and only if v{y) = (mod 2) for any 
y & Q, where z/ is an element of T(P) corresponding to ai ■ ■ ■a2r- Since Q 
contains the unique minimal element xq of H and z/(xo) is the length of the 
standard monomial corresponding to u E T{P), we see the following 

Theorem 4.8 T>k{<^) is a free K-module with basis {T" \ v G T{P), i^{y) = 
(mod 2) for any y G Q}. In particular, by Theorem \2.1[ 'Dk{'-P) is a normal 
affine semigroup ring, and therefore, is Cohen- Macaulay. 

Note the description of T>k{<p) in the theorem above depends only on H 
and Q. Therefore we can generalize the notion of doset Hibi ring as follows. 

Definition 4.9 Let H he a finite distributive lattice, P the set of join- 
irreducible elements of if, Q a subset of P. We define the generalized doset 
Hibi£ing defined by H and Q, denoted by Vk{H, Q), as VxiH, Q) := KIT" \ 
V G T(P), v{y) = (mod 2) for any y e Q]. 

The following theorem is a direct consequence of the definition. 

Theorem 4.10 The generalized doset Hibi ring T>k{H,Q) is a free K- 
module with basis {T" \ v G T{P), v{y) = (mod 2) for any y G Q}. In 
particular, Vx{H,Q) is a normal affine semigroup ring and hence is Cohen- 
Macaulay. 

Note that if Q contains the minimal element Xq of H, then by setting L = 
J{Q) \ {0} and if the map corresponding to J(P) \ {0} J{Q) \ {0}, 
(/ 1-^ / n Q), Vk{H,Q) is equal to Vxi^p)- In particular, Vk{H,Q) is the 
ordinal doset Hibi ring. 
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Here we consider a generating system of T>x{H, Q) as a i^-subalgebra of 
TZk{.H). Set Hi := {a E H \ y < a ioi some y G Q}, H2 = H \ Hi and 
^: ifi ^ J(g) \ {0}, ia^{yeQ\y< a}). 

Lemma 4.11 Let aia2 ■ ■ ■ ar be a standard monomial on H with ai < 0:2 < 
■■■ < Or, OLi, as G H2 and Os+i, ol.,. G Hi. Thenai---ar G 

Vk{H,Q) if and only if r — s = (mod 2) and 4'{cis+2i-i) = '?A(«s+2j) for 
1 = 1,2, {r-s)/2. 

Proof Let v be the element of T{P) corresponding to ai ■ ■ ■ Then z/(x) = 
#{j I X < aj}. So z/(y) = #{j I j > s and V'(aj) 9 y} for y E Q. Since 
7^ ^(fts+i) C C ■ ■ ■ C V'(ar), '^(y) = (mod 2) for any y G Q if 

and only if r — s = (mod 2) and ip{as+2i-i) = 4'{o:s+2i) for z = 1, 2, . . . , 
(r — s)/2. The result follows from Theorem I4.10[ I 

Now assume that Q has a unique minimal element yo- Then ifi = {a G 
-f^ I > Vo} and = ^ -f^ I " ^ Z/o}- 

Lemma 4.12 (1) Ifa,(3e Hi, then a A P , a \/ /3 e Hi. 

(2) If a G Hi and 13 G H2, thenaA(3 G H2, aWf] G ifi andipiaVP) = ip{a). 

(3) Ifa,pe H2, then a A (3, (3 E H2. 

(4) If a, (3 G Hi, themp{aAp) = ^(a)nV^(/3) andi){ay(3) = ij{a)Uij{p). 

(5) If a, 13, a', 13' G Hi, ^{a) = ^{p) and^{a') = ip{l3'), then^{aAa') = 
ip{{a V a') A{pA /?')) and iP{p V /?') = ip{{a V a') V (/3 A P')). 

Proof Let 6 be an element of H and / the corresponding element of J{P) \ 
{0} by the lattice isomorphism H ~ J{P) \ {0}. Then 6 E Hi if and only if 
/ 3 yo, and A and V operations in H correspond to fl and U in J{P) \ {0} 
respectively. Furthermore, 1^(6) = / fl Q if 5 G Hi. The lemma is proved 
straightfowardly by these facts. I 

Now we state the following 

Proposition 4.13 If Q has a unique minimal element, then Vk{H,Q) is a 
K-subalgebra of TZk{H) generated by {a/5 | G Hi, a < P and ip^a) = 
i^{P)}UH2. 
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Proof We set G = {ap \ a, p e Hi, a < p and ip{a) = U H2. The by 

Lemma mm we see that Vk{H,Q) C K[G]. 

To prove the reverse inclusion, let fi be an arbitrary product of elements 
of G. Then by Lemma [4.121 and equation (14. ip . we see that, by repeated 
application of the straightening law of 71k{H), fj, is equal to a standard 
monomial ai ■ ■ ■ with ai < ■ ■ ■ < such that for some s, ai, . . . , as & H2, 
Os+i, . . . , e Hi, r-s = (mod 2) and ilj{as+2i-i) = ■ip{as+2i) for i = 1,2, 
. . . , (r — s)/2. Then again by Lemma 14.111 we see that ai ■ ■ ■ G Vk{H, Q). 
Therefore G Vk{H,Q). I 

Now we apply the theory of (generalized) doset Hibi rings to the ring of 
0(m) and SO(m) invariants. 

Set L = {l,2,...,m} with reverse order and r'(m x ra; 7) — > L, 
{6 (-^ size5). Then is a lattice homomorphism and (p*{j) = [61, 62? • • • ? bj]. 
By analyzing the relations of the leading monomials of the sagbi basis 
{[a\P]zTz, \a,p e r'(m x n;-f), sizea = size/3} of = K[Z^Z^], 

and the sagbi basis {[(y\P]zTz^ \ a,P E T'{m x n;7), sizea = size/3 < 
m} U {6z, I 5 G r(m x n;7)} of K[Z^]SO('"'-) = r(Z^)], we see 

the following 

Theorem 4.14 (1) in = mK[Z^Z^] is the doset Hihi nng 
over K defined by ip. 

(2) mK[Z^]^'^^'^'~'^ = m.K[Z'J^ Z^,V{Z^)] is the generalized doset Hibi ring 
defined by T'{m x n; 7) and {[bi, . . . , bm-i], . . . , [61, 62], [bi]}- 
In particular, in K[Z^]'~'^'^~^ and in K[Z^]^'~'^'^~^ are normal affine semi- 
group rings and therefore K[Z-y]'~'^'^~^ and K[Z^]^'~'^'^~^ are normal and 
Cohen- Macaulay, and has rational singularities if chari^ = and is F- 
rational if char K > 0. 

5 Gorenstein property 

In this section, we stat a criterion of the Gorenstein property of a (general- 
ized) doset Hibi ring. 

Let if be a finite distributive lattice, P the set of join-irreducible elements 
of H and Q a subset of P and {Tx}x£P the family of indeterminates indexed 
by P. Set T{P,Q) := {u G T{P) \ p{y) = (mod 2) for any y E Q} and 
T{P,Q) := {u G T{P) I u{y) = (mod 2) for any y G Q}. Then since 
T>k{H,Q) = ^^^Tj-j^pQ^KT'^, we see, by Theorem 12. 2^ that the canonical 
module of VKiH, Q) is ©,eT(p,Q) KT^ 
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We define a order on T(P, Q) hy u < v' ■^^=^ u' — u ^ T{Pi Q), where 
{u' — p){x) := iy'{x) — iy{x) for any x E P. Then it is clear that T'^ is a 
generator of the canonical module of T>k{H, Q) if and only if is a minimal 
element of T{P,Q). In particular, Vk{H,Q) is Gorenstein if and only if 
T(P, Q) has a unique minimal element. 

Now we set := P U {oo}, where cxd is a new element and x < oo 
for any x e P and (5+ := Q U {oo}. We also set P := P+ U {(1/1,2/2) e 
(5+ X (5+ I yi <■ y2 in P+} and define the order on P by extending the 
relation yi < (yi, ^2) < 2/2 for yi, ^2 £ <5"^ with yi <• 2/2 in P'^. Then we have 
the following result. 

Theorem 5.1 Vk{H,Q) is Gorenstein if and only if the following two con- 
ditions are satisfied. 

(1) P is pure. 

(2) For any y, y' G with y < y' , rank[|/, y'jp = (mod 2). 

Proof First we define vq: P ^ N hj downward induction as follows. 

• t'o(oo) = 0. 

• \i X ^ 00 and Vq{x') is defined for any x' E P with x' > x, we set 

~ ( \ _ j max{i>o(a;') + 1 \ x' > x} if x ^ Q, 

m^) - I 2\max{i>oix') + l\x' >x}/2] if x e Q. 

Then it is clear that uq :— Do\p e T{P,Q) and ^{x) > i'o{x) for any u e 
T(P, Q) and a; e P. In particular, uq is a minimal element of T(P, Q). 

Now we start the proof of the theorem and we first prove the "if" part of 
the theorem. By assumptions (1) and (2), it is easily verified that Uoix) = 
z>o(a;') + 1 for any x, x' E P with x <■ x'. Therefore, by the definition of P, we 
see that ly — i^q G T{P,Q) for any v E T{P,Q). So i^o is the unique minimal 
element of T(P, Q) and Vk{H, Q) is Gorenstein. 

Next we prove the "only if" part. If (1) or (2) is not valid, then there are 
X, x' E P with X <■ x' in P such that i^o{x) > Uo{x') + 2. Since x' 7^ 00 in such 
a case, we see that there are x, x' E P such that x <■ x' in P, {x, x'} (f. Q 
and ^^{x) > foi^x') +2 or there are y, y' E Q such that y <• y' in P and 
i^o(y) > ^o(yO + 4. We classify this phenomena into three cases. 

Case 5.1.1 There are y,y' E Q such that y <■ y' in P and i^oiy) > iyo{y') + 4:. 
Case 5.1.2 There are x, x' E P such that x < x' , x ^ Q and vq{x) > 
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Case 5.1.3 There are x, x' E P such that x <■ x', x & Q, x' ^ Q and 
i^o{x) > Mx')+2. 

As for Case I5.1.H we set 

^ / z ^y' or z = y, 

y ^(^{z) + 2 z < y' and z ^ y. 

Then it is easily verified that v G T(P, Q) and z/ — z/q ^ ^{Pi Q) since 
(z/ — z/o)(?/) = (z/ — VQ){y') — 2. Therefore, there is a minimal element of 
T(P, Q) other than z^o- 

As for Case I5.1.2[ we set 

{z/o(z) z ^ x', 

z/o(2;) + 1 z = X, 
z/o(-2) + 2 z < x' and z ^ x. 

Then it is easily verified that v G T(P, Q) and z/ — z/q ^ ^(-P, Q) since 
(z/ — z/o)(x) = (z/ — z/o)(a;') — 1. Therefore, there is a minimal element of 
T(P, Q) other than z/q. 

Finally, as for Case I5.1.3[ we set 

{^o(^) z ^ x' or 2; = X, 

z/o(z) + 1 z = x', 
z/o(z) + 2 z < x' and z ^ x. 

Again it is easily verified that v G T(P, Q) and z/ — z/q ^ '^(-P, <5)- Therefore, 
there is a minimal element of T(P, Q) other than z/q. 

In any case, we see that Vk{H, Q) is not Gorenstein. I 

Example 5.2 (1) If 




where big dots express elements of Q, then 




Therefore, Vk{H,Q) is Gorenstein. 
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(2) If 



P 




then 




p. 



Therefore, P is not pure and Vk{H,Q) is not Gorenstein. 
(3) If 




then 







and P 



So there are y, y' E such that y < y' and rank[y, y']p 
fore, T>x{H,Q) is not Gorenstein. 



3. There- 



Finally, we apply Theorem EH] to obtain a criterion of Gorenstein property 
of mK[Z^f^"''-'> and in KlZ^f^^"''-^ Note by Corollary [231 i^fZ^l^^"'"^ 



(or K[Z. 



jSO(m,-) 
]SO(m,-) 



resp.) is Gorenstein if and only if so is in K[Z. 



lO(m,-) 



or 



in ' resp. 

First we note the following lemma which is easily proved. 

Lemma 5.3 Let H be a distributive lattice and x an element of H which is 
not minimal. Then x is join-irreducible if and only if there uniquely exists 
an element a & H such that a < x. 
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In order to apply Theorem 15.1^ we first analyze the structure of the set of 
join-irreducible elements of r'(m x n; 7). Let P be the set of join-irreducible 
elements of T'{m x n; 7) and 5 = [di,d2, . . . , dt] be an element of r'(m x 
n;7) \ {7}. 

First consider the case where size5 = m. Then [ci,C2, ■ ■ ■ ,Cm] <■ 
[di, (^2, . . . , dm] if and only if there is i such that Ci = di — 1 and Cj = dj 
for j i. Therefore, by Lemma I5.3[ we see that 6 = [di, . . . , dm] is join- 
irreducible if and only if there is a unique i such that 

di > hi and di > di^i + 1, 

where we set do := (recall that 7 = [61, ... , bm])- Set ^{S) := {n — di — m + 
i,i — 1) for such 6. Note n — di— m + i = ^{j \ j ^ {di, . . . , dm} and di < 
j < n} and i — 1 = #{j | j G {di, . . . , dm} and 1 < j < rfj}. Then it is easily 
verified that ^ is a poset anti-homomorphism form {5 G P \ {7} | size5 = m} 
to N X N. 

Next consider the case where sizeS < m. Then [ci, . . . , q/] <■ [rfi, . . . , dt\ 
if and only if 

(1) t' = t + 1, Ct' = m and Cj = di for z = 1, 2, . . . , t or 

(2) t' = t and there is z such that Cj = rfj — 1 and = dj for j 7^ i. 

Therefore, 5 is join-irreducible if and only if 5 = [61, 62, • • • , or there is i 
such that 

dj = bj for j < i and dj = n — t + j for j > i. 

We extend by setting ,^(5) := {t — m,i — 1) for the latter case and 
^{[bi, . . . ,bt]) := {t — m,t). Then it is easily verified that is a poset anti- 
homomorphism from P \ {'-/} to Z X N . 

Now we separate {61, 62, • • • , &m} into blocks and define the gaps between 
them. Set {u \ 1 < m < m, 6„ + 1 < ha+i} = {u{l) , . . . , u{k)} with 
u{l) < ■ ■ ■ < u{k), where we set bm+i := n + 1, and Xo '■= {1, 2, . . . , 61 — 
1}; Bi := {61, 62, &«(!)}, Xi '■= {^«(i) + 1, + 2, . . . , - 1}, 

B2 ■= {&«(1)+1, &«(l)+2, • • • , bu{2)}, X2 '■= {bu{2) + 1, bu{2) + 2, . . . , bu(2)+l " 1}, 
B3 := {6u(2)+l, &u(2)+2, • • • , &u(3)}5 •••5 Bk := {6M(fc-l)+l, &«(fc-l)+2, • • • , &it(fc)}, 
Xfc := + &«(A;)+2, . . . , 6„(A:)+1 — 1} and Bk+l := {6m(A;)+i, 6m(A:)+2, • • • , bm}- 

Note that if < n, then = m and -B/c+i = 0. 

Example 5.4 (1) If m = 7, n = 15 and 7 = [2,6,7,8,10,13,14], then 
k = A, u{l) = 1, u{2) = 4, m(3) = 5, m(4) = 7 and Xo = {1}, = {2}, 
Xi = {3,4,5}, 52 = {6,7,8}, X2 = {9}, ^3 = {10}, Xs = {11,12}, 
= {13, 14}, X4 = {15} and ^5 = 0- 
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(2) If m = 7, n = 14 and 7 = [2, 6, 7, 8, 10, 13, 14], then A; = 3, u{l) = 1, 
u{2) = 4, u{3) = 5 and Xo = {1}, = {2}, Xi = {3,4,5}, B2 = 
{6, 7, 8}, X2 = {9}, S3 = {10}, X3 = {11, 12} and S4 = {13, 14}, 

It is easy to see that minimal elements of P\{7} are [bi, . . . , bu{i) + 

l,^u(l)+l, bm]: [bl: ■ ■: ^u(2)-l , ^u(2) + 1 , &«(2)+l , , [^1, 

bu{k-i)-i:bu(k-i) + 1, bm] and [61, bm-i: bm + 1] in the 

case where bm < n and [61, + l,6„(i)+i, bm]: [bi: 

bu{2)-l: bu{2) + 1, bu{2)+l: • • • , &m] , • • • , [^1, • • • , &?t(A:) + 1, ^u(fc)+l, • • • , 

and [61, 62, • • • , &m-i] in the case where bm = n. Therefore, by considering 
the image of ^, we see the Hasse diagram of P \ {7} is as indicated by the 
following example. 

Example 5.5 (1) If m = 7, n = 15 and 7 = [2, 6, 7, 8, 10, 13, 14], then the 
Hasse diagram of P \ {7} is the following. 



[2] 
[2,6] 
[2,6,7] 
[2,6,7,8] 
[2,6,7,8,10] 
[2,6,7,8,10,13] 




(2) If m = 7, n = 14 and 7 = [2, 6, 7, 8, 10, 13, 14], then the Hasse diagram 
of P \ {7} is the following. 
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Set Qi := {[61, . . . ,bi] \ i = 1, . . . , m} and Q2 := {[h, . . . ,bi] \ i = 1, . . . , 
m - 1}. Then by Theorem El we see that in ~ DK{T'{m x 
n;7),gi) and mK[Z^f^^"''-'> ~ L'i^(r'(m x n;7),Q2). So by Theorem O 
and Corollary 12.4^ we see the following results. 

Theorem 5.6 ( fConl Corollary 2.3]) (1) Ifbm < n, then KlZ^f^""'-^ = 
K[Z'^Z^] is Gorenstein if and only if \Bi\ = \Xi-i\ for i = 2, ?>,..., k 
and \xk\ = 1 (mod 2). 

(2) Ifbm = n, then K[Z^]'^^"^'~'' = K[Z'^Z^] is Gorenstein if and only if 
\Bi\ = \xi-i\ fori = 2,3, k and \Bk+i\ = \xk\ - 1- 

Theorem 5.7 (1) If b^ < n, then = K[Z^ Z^,T{Z^)] is 

Gorenstein if and only if \Bi\ = \Xi-i\ for i = 2, 3, . . . , k. 

(2) If bra = n, then = K[Z^Z^, r(Z^)] is Gorenstein if and 

only if \Bi\ = \xi-i\ for i = 2, 3, . . . , k + 1. 

Let Pi be the poset defined as in the preceding paragraph of Theorem 15. II by 
P and Qi for i = 1, 2. Then, the case where bm < n, Pi = P2 = PU {00}. So 



the last condition of (1) in Theorem 15.61 corresponds to the condition (2) of 
Theorem 15.11 for [7, [61, ... , 6m_i]]p^. As for the case b^. = n, Pi is obtained 
by adding a new element to P2- So there is a difference between the condition 
for pureness of Pi and P2. Note that the condition in (2) of Theorem 15.71 can 
be written as \Bi\ = \Xi-i\ for i = 2, 3, . . . , k and |-Bfc+i| = IXfcl- 
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